The subject matter of bianyon interference with ultracold atoms is introduced through theoretical investigations pertaining to the second-order momentum correlation maps of two anyons (built upon spinless and spin-1/2 bosonic, as well as spin-1/2 fermionic, ultracold atoms) trapped in a doublewell optical trap. The two-particle system is modeled according to the recently proposed protocols for emulating an anyonic Hubbard Hamiltonian in ultracold-atom one-dimensional lattices. Because the second-order momentum correlations are mirrored in the time-of-flight spectra in space, our findings provide impetus for time-of-flight experimental protocols for detecting anyonic statistics via interferometry measurements of massive particles that broaden the scope of the biphoton double-slit interferometry of quantum optics.
The subject matter of bianyon interference with ultracold atoms is introduced through theoretical investigations pertaining to the second-order momentum correlation maps of two anyons (built upon spinless and spin-1/2 bosonic, as well as spin-1/2 fermionic, ultracold atoms) trapped in a doublewell optical trap. The two-particle system is modeled according to the recently proposed protocols for emulating an anyonic Hubbard Hamiltonian in ultracold-atom one-dimensional lattices. Because the second-order momentum correlations are mirrored in the time-of-flight spectra in space, our findings provide impetus for time-of-flight experimental protocols for detecting anyonic statistics via interferometry measurements of massive particles that broaden the scope of the biphoton double-slit interferometry of quantum optics.
Motivation. Emulations of condensed-matter manybody physics [1, 2] and of optical biphoton interferometry [3] [4] [5] [6] [7] [8] [9] with ultracold atoms in optical traps and lattices, as well as quantum simulations of many-body phenomena using nonlinear-optics platforms (e.g., coupled resonator arrays or waveguide lattices) [10] [11] [12] [13] [14] [15] [16] [17] constitute complimentary branches of research that have witnessed explosive growth in the last two decades. A great promise of these emerging research branches rests with their potential for achieving actual simulations of exotic synthetic particles that have been theoretically proposed in many-body and elementary-particle physics, but have been problematic to realize within the experimental framework of traditional condensed-matter and highenergy subfields of physics.
In this context, the properties and probable detection of synthetic particles, proposed initially in two dimensions and referred to as anyons [18, 19] , that obey nontrivial particle-exchange statistics interpolating between the familiar bosonic and fermionic ones, continues to be an intensely active field of theoretical and experimental research across several disciplines of physics; see, e.g., in the context of quantum computing [20, 21] , noninteracting ultracold anyonic atoms in harmonic traps [22] , and quasiholes in a fractional quantum Hall state of ultracold atoms [23] . In particular, of great interest for the scope of this paper are theoretical [14, 15] and experimental [16] studies for simulating anyonic NOON states with photons in waveguide lattices.
Recently, going beyond the case of two-dimensional space, a propicious direction for the simulation of massive anyons opened when several experimental protocols (based on a fractional Jordan-Wigner transformation) were advanced [24] [25] [26] , showing that ultracold neutral atoms trapped in onedimensional optical lattices can offer an appropriate substrate for the implementation of anyonic statistics. In particular, an anyonic Hubbard * Constantine.Yannouleas@physics.gatech.edu † Uzi.Landman@physics.gatech.edu model (related to spinless bosons) was formulated and, in analogy with condensed-matter themes, the influence of 1D anyonic statistics on ground-state phase transitions was explicitly studied in these [24] [25] [26] and subsequent publications [27] [28] [29] .
Here, taking fully into account the interparticle interactions, we introduce the subject matter of 1D anyonic matter-wave interferometry with ultracold atoms and establish analogies with the quantum-optics biphoton interferometry of massless and noninteracting photons. To this effect, we present theoretical investigations pertaining to the second-order momentum correlation maps of two anyons (built upon (i) spinless and (ii) spin-1/2 bosonic, as well as (iii) spin-1/2 fermionic, ultracold atoms) trapped in a double-well optical trap. The two-particle system is modeled by an anyonic Hubbard Hamiltonian. Because the second-order momentum correlations are mirrored in the time-of-flight spectra in space, our findings provide impetus for time-of-flight experimental protocols for probing anyonic statistics via interferometry measurements of massive particles that broaden the scope of the biphoton double-slit interferometry of quantum optics.
In congruence with related studies of photonic anyons [14] [15] [16] , a main finding of our study is that the anyonic signature in the two-particle interferometry maps reflects the appearance of a generalized NOON state as a major component in the entangled wave function of the ultracold atoms trapped in the double well. This NOON-state component is of the form (|2, 0 ± e iθ |0, 2 )/ √ 2, where θ is the statistical angle determining the commutation (anticommutation) relations for the anyonic exchange (see below).
Anyonic exchange. For spin-1/2 (i.e., two-flavor) anyons, the annihilation and creation operators are denoted as a j,σ and a † j,σ , where the index j = 1, 2 (or equivalently j = L, R) denotes the left-right well (corresponding Hubbard-model site). These operators obey anyonic arXiv:1812.07475v1 [cond-mat.quant-gas] 18 Dec 2018 commutation or anticommutation relations a j,σ a † k,σ ∓e −iθ sgn(j−k) a † k,σ a j,σ = δ j,k δ σ,σ , a j,σ a k,σ ∓e iθ sgn(j−k) a k,σ a j,σ = 0.
(1)
The upper sign (commutation) applies for bosonic-based anyons; the lower sign (anticommutaion) for fermionicbased anyons. sgn(j − k) = 1 for j > k, sgn(j − k) = −1 for j < k, and sgn(j − k) = 0 for j = k. For bosonicbased spinless anyons, one drops the spin index σ. On the same site, the two particles retain the usual bosonic or fermionic commutation relations. Case (i): Density-dependent Hubbard Hamiltonian for bosonic-based spinless anyons. Adapting the many-site case of Refs. [24] [25] [26] , a two-site anyonic Hubbard Hamiltonian for bosonic-based spinless anyons is written as follows:
where J is the tunneling parameter, U is the on-site interaction parameter (repulsive or attractive), and n j = a † j a j is the number operator.
Using a fractional Jordan-Wigner transformation [24] ,
where b j describes a usual bosonic operator and n j = b † j b j = a † j a j , the anyonic Hamiltonian in Eq. (2) is mapped onto a bosonic Hubbard Hamiltonian with occupation-dependent hopping from right to left, i.e.,
For two particles, if the left (target) site in unoccupied, the tunneling parameter is simply −J. If it is occupied by one boson, this parameter becomes −Je −iθ .
Case (ii): Density-dependent Hubbard Hamiltonian for bosonic-based spin-1/2 anyons. In this case, we introduce a two-site anyonic Hubbard Hamiltonian for bosonic-based spin-1/2 anyons as follows:
where N j = σ a † j,σ a j,σ , with σ denoting the up (↑) or down (↓) spin; N j is the number operator at each site j including the spin degree of freedom.
Using a modified fractional Jordan-Wigner transformation [30] ,
where b j,σ describes a usual spin-1/2 bosonic operator and N j = σ b † j,σ b j,σ = σ a † j,σ a j,σ , the anyonic Hamiltonian in Eq. (2) is mapped onto a bosonic Hubbard Hamiltonian with occupation-dependent hopping from right to left, i.e.,
Case (iii): Density-dependent Hubbard Hamiltonian for fermionic-based spin-1/2 anyons. In this case, we introduce a two-site anyonic Hubbard Hamiltonian for fermionic-based spin-1/2 anyons as follows:
where f j,σ describes a usual spin-1/2 fermionic operator and N F j = σ f † j,σ f j,σ = σ a F † j,σ a F j,σ , the anyonic Hamiltonian in Eq. (2) is mapped onto a fermionic Hubbard Hamiltonian with occupation-dependent hopping from right to left, i.e.,
For two particles, if the left (target) site in unoccupied, the tunneling parameter is simply −J. If it is occupied by one fermion, this parameter becomes −Je −iθ .
Matrix representation of Hamiltonians:
In order to solve the two-site two-particle problem specified by the Hubbard-type Hamiltonians in Eqs. (4), (7) , and (10), which have a density-dependent tunneling term, one needs to construct the corresponding matrix Hamiltonians. These matrices and the corresponding eigenenergies are presented below because for a finite number of particles they offer a better grasp of the role of the statistical angle θ. The corresponding eigenvectors and other details of the derivation of the associated second-order momentum correlations and interferometry maps are given in the Appendices. When θ = 0, these Hamiltonian matrices reduce to the pure bosonic or fermionic two-trapped-particle interferometry problems; see Refs. [7, 8] for the pure fermionic interferometry case.
Using the bosonic basis kets
where |n L , n R (with n L + n R = 2) corresponds to a permanent with n L (n R ) particles in the L (R) site, one derives the following 3×3 matrix Hamiltonian associated with the anyonic Hubbard Hamiltonian in Eq. (4)
The three eigenenergies of the matrix (12) are given by
where U = U/J; they are exact results and independent of the statistical angle θ, unlike the mean-field energies [24] . (These eigenenergies are plotted in Fig. A1.) In contrast, the corresponding three normalized eigenvectors (see Appendices A and B) do depend on the statistical angle θ. As explicitly shown below, this dependence results in tunable anyonic signatures that can be detected with controlled experimental protocols. For the two spin-1/2 cases (whether for two bosons or fermions), we seek solutions for states with S z = 0 (vanishing total spin projection). In this case, the natural basis set is given by the four kets (note the choice of the ordering of these kets)
In first quantization, these kets correspond to permanents for bosons and to determinants for fermions. Employing this ket basis, one can derive the following 4 × 4 matrix Hamiltonians associated with the spin-1/2 Hubbard Hamiltonians in Eqs. (7) and (10),
where the upper minus sign in ∓ applies for bosons and the bottom plus sign applies for fermions. The four eigenenergies of the two matrices (15) are given by the three quantities E i , i = 1, . . . , 3 in Eq. (13) and an additional vanishing eigenenergy E 4 = 0; they are independent of the statistical angle θ and the ∓ alternation in sign. In contrast, as was also the case of the spinless bosons, the corresponding four normalized eigenvectors do depend on the statistical angle θ; they are given in Appendices A and B.
Second-order momentum correlation maps. To generate the second-order momentum correlation maps G S(A) (k 1 , k 2 , θ), one needs to transit to the first-quantization formalism, which uses position-or momentum-dependent Wannier orbitals, ψ L and ψ R . Here and in the following, the superscripts S(A) denote symmetric (antisymmertic) behavior under the exchange of the momenta k 1 and k 2 . To this effect, each pure bosonic or fermionic particle in either of the two wells is represented by a displaced Gaussian function [7, 8] , which equivalently in momentum space is given by
where again the index j stands for L (left) or R (right); the separation between the two wells is 2d
The details of the derivation are given in Appendix C. Here we list the final analytical formulas for the G(k 1 , k 2 )'s, which are independent of the total spin (i.e., whether the state is spinless or a spin singlet or a spin triplet state), and thus are the same for all three cases (i)-(iii). For the ground state, with energy E 1 , one finds the following second-order momentum correlations
where R(U) = √ U 2 + 16 + U. For the excited state with energy E 2 , one finds the following second-order momentum correlations
For the excited state with energy E 3 , one finds the following second-order momentum correlations
Finally, for the excited state with energy E 4 [only for the two spin-1/2 cases (ii) and (iii)], one finds the following second-order momentum correlations The G(k 1 , k 2 , θ) expressions above exhibit the following properties: (1) The first three G's are symmetric under the exchange of the two momenta k 1 and k 2 and do depend on the statistical angle θ. Thus their time-offlight measurement will provide a signature for anyonic statistics. (2) The statistical angle θ appears only in conjunction with cosine or sine terms containing the sum k 1 + k 2 in their arguments. Cosine or sine terms containing only the difference k 1 − k 2 of the two momenta are independent of θ. This is a reflection of the fact that the vector solutions of the anyonic matrix Hamiltonians [see Eqs. (11) and (14) ] contain the phase e iθ only in the NOON-state component [14] [15] [16] (of the form (|2, 0 ± e iθ |0, 2 )/ √ 2 or |↑↓, 0 ± e iθ |0, ↑↓ , see Appendices), and not in the Einstein-Podolski-Rosen-state component [31] (of the form |1, 1 or |↓, ↑ ± |↑, ↓ ). (4) Only the fourth one associated with the constant energy E 4 = 0 is antisymmetric under the exchange k 1 and k 2 . This state, which corresponds to two indistinguishable fermions (e.g., two 6 Li atoms in a triplet excited state) or bosons, is devoid of anyonic statistics. Fig. 1 displays three cases (corresponding to the ground state and the two excited states with energies E 2 and E 4 ) of second-order momentum correlation maps that illustrate the above properties. The case of the excited state with energy E 3 is presented in Fig. A2 of Appendix D. Keeping with property (2) above, the variation of the interference patterns as a function of θ are more intense the larger the U-dependent contribution of the k 1 + k 2 terms in the total G (the k 1 + k 2 contributions produce interference fringes parallel to the antidiagonal). We note the alternation from a ridge to a valley along the antidiagonal in Fig. 1(C1) (ground state at attractive U = −20) and vice versa in Fig. 1(C4 ) (E 2 state independent of U). For the ground state in the absence of interactions [ Fig. 1(C2) ], visible modifications (as a function of θ) of a plaid-type theme persist in the interference patterns. For the case when the k 1 + k 2 terms have a small (or vanishing) contribution, the variations of the maps are minimal [see Fig. 1(C3)] [or are absent, see Fig. 1(C5) , top frame]; in this case, the dominance of the θ-independent k 1 − k 2 contributing terms is reflected in fringes parallel to the main diagonal. The bottom frame in the C5 column offers a complementary view of the θ dependence by plotting the curves K(θ) = πG S 1 (k 1 = 0, k 2 = 0, θ)/(4s 2 ) that correspond to Figs. 1(C1) , Figs. 1(C2) , and Figs. 1(C3) for the ground state.
In summary, the paper introduced the subject of matter-wave interferometry of massive and interacting anyons that can be realized with trapped 1D ultracold atoms in optical lattices. Furthermore, it analyzed the pertinent signatures in the framework of time-of-flight experiments, and it established analogies with the interferometry of massless and noninteracting photonic anyons in waveguide lattices [14] [15] [16] . In particular, for two ultracold-atom anyons in a double-well confinement, this analogy is reflected in the fact that the NOON-state component of the massive bianyon is also of the form (|2, 0 ± e iθ |0, 2 )/ √ 2, where θ is the statistical angle determining the commutation (anticommutation) relations for the anyonic exchange.
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Appendix A: Solution for two bosonic-based spinless anyons
where |n L , n R (with n L + n R = 2) corresponds to a permanent with n L (n R ) particles in the L (R) site, one derives the following matrix Hamiltonian associated with the anyonic Hubbard Hamiltonian in Eq. (4) of the main text
The three eigenenergies of the matrix (A2) are given by
where U = U/J. These eigenenergies are plotted in Fig.  A1 .
The corresponding three normalized eigenvectors are
where the coefficients A, B, D, and E are given by
(A5)
Appendix B: Solution for two spin-1/2 anyons
We seek solutions for states with S z = 0 (vanishing total spin projection). In this case, the natural basis set is given by the four kets (note the choice of the ordering of these kets) |↑↓, 0 , |↓, ↑ , |↑, ↓ , |0, ↑↓ .
(B1)
In first quantization, these kets correspond to permanents for bosons and to determinants for fermions. Employing this basis, one can derive the following 4 × 4 matrix Hamiltonians associated with the spin-1/2 Hubbard Hamiltonians in Eqs. (7) and (10) of the main text,
where the upper minus sign in ∓ applies for bosons and the bottom plus sign applies for fermions. The four eigenenergies of the matrices (B2) are given by the quantities E i , i = 1, . . . , 3 in Eq. (A3) and E 4 = 0; they are independent of the ∓ alternation in sign. The corresponding four normalized eigenvectors are
where the upper sign (in ± or ∓) applies for bosons and the bottom sign applies for fermions.
Appendix C: Second-order momentum correlation maps
To generate the second-order momentum correlation maps, one needs to transit from the ket notation to Anyonic-Hubbard-dimer eigenenergies for all three cases of (i) spinless bosonic-based anyons, (ii) spin-1/2 bosonic-based anyons, and (iii) spin-1/2 fermionic-based anyons given by Eq. (A3) plus E4 = 0. The limiting Φ forms for the associated wave functions at U → ±∞ are also denoted.
the wave function notation by employing the singleparticle momentum-dependent Wannier orbitals ψ L (k) and ψ R (k) given in Eq. (16) of the main text. Indeed, in the first representation, the kets correspond to permanents for bosons or to determinants for fermions made of the ψ L (k) and ψ R (k) orbitals.
One finds the following correspondence for spinless anyons
and
for spin-1/2 anyons, where the upper sign applies to bosonic-based anyons and the bottom sign applies to fermionic-based ones. X i = χ(1, 0) for i = 1, 2, 3 and X 4 = χ(0, 0) for bosons and X i = χ(0, 0), i = 1, 2, 3 and X 4 = χ(1, 0) for fermions; χ(0, 0) and χ(1, 0) are the singlet and triplet spin eigenfunctions, respectively. The Φ functions are as follows:
For the ground state, with energy E 1 , one finds the following second-order momentum correlations
For the excited state with energy E 2 , one finds the following second-order momentum correlations
For the excited state with energy E 3 , one finds the following second-order momentum correlations Finally, for the excited state with energy E 4 = 0, one finds the following second-order momentum correlations G A (k 1 , k 2 , θ) = |Φ A (k 1 , k 2 )| 2 = 4s 2 π e −2s 2 (k 2
With regard to the derivation of the expressions in Eqs. (C4)−(C7), we note that, generally, the second-order (two-particle) space density ρ(x 1 , x 1 , x 2 , x 2 ) for an Nparticle system is defined as an integral over the product of the many-body wave function Ψ(x 1 , x 2 , . . . , x N ) and its complex conjugate Ψ * (x 1 , x 2 , . . . , x N ), taken over the coordinates x 3 , . . . , x N of N − 2 particles. To obtain the second-order space correlation function, G(x 1 , x 2 ), one sets x 1 = x 1 and x 2 = x 2 . The second-order momentum correlation function G(k 1 , k 2 ) is obtained via a Fourier transform (from real space to momentum space) of the two-particle space density ρ(x 1 , x 1 , x 2 , x 2 ) [7, 8] . In the case of N = 2, the above general definition reduces to a simple expression for the two-particle correlation functions, as the modulus square of the two-particle wave function itself; this applies in both cases whether the two-particle wave function is written in space or in momentum coordinates. This simpler second approach was followed here for deriving above the second-order momentum correlations for two anyons.
Appendix D: Plots of correlation maps for the excited state with energy E3 Fig. A2 displays the second-order correlation maps for the excited state with energy E 3 . It complements Fig. 1 in the main text where the corresponding maps for the three eigenstates with energies E 1 , E 2 , and E 4 = 0 were displayed.
